The aim of this paper is to study certain correlations between lower and upper bounds of exponential Riesz sequences, in particular between the sharp lower and upper bounds, where we show that the product of the sharp bounds of an exponential Riesz sequence is bounded from above by a universal constant. The result is applied to the norms of coefficient and frame operators and their inverses.
Introduction
Let H be a separable Hilbert space over C. A sequence Φ = (ϕ n ) n∈Z of elements in H is called a Riesz-Fischer-sequence, resp. a Bessel sequence for H, if there is A > 0, resp. B > 0, such that for all natural numbers n and all complex numbers c −n , . . . , c n :
resp. n j=−n
holds. If Φ is both a Bessel and a Riesz-Fischer-sequence, it is called a Riesz sequence for H. The constants A and B are called lower and upper bounds, respectively. It is an easy matter to check that the supremum of all lower bounds, resp. the infimum of all upper bounds, of a Riesz sequence is again a lower bound, resp. an upper bound, which we denote by A opt (Φ), resp. B opt (Φ). The constants A opt (Φ) and B opt (Φ) are called the sharp lower and the sharp upper bounds for Φ.
In this paper, we shall be concerned with exponential Riesz sequences for L 2 (−σ, σ), i.e. with Riesz sequences for L 2 (−σ, σ) of the form (e iλn• ) n∈Z , where σ > 0 and (λ n ) n∈Z is a sequence of complex numbers. From (1) and (2) 2 (−σ, σ) it is sufficient that it be a Riesz-Fischer-sequence for L 2 (−σ, σ), provided ( λ n ) n∈Z is uniformly bounded. We shall have a closer look at this result and the occuring bounds. In particular, if σ, τ > 0 and (λ n ) n∈Z is a sequence of complex numbers such that
and (e iλn• ) n∈Z is a Riesz-Fischer-sequence for L 2 (−σ, σ) with lower bound A, we shall construct an upper bound B for (e iλn• ) n∈Z , depending only on A, σ and τ (Proposition 1). From this we shall obtain a universal constant for the product of the sharp bounds of exponential Riesz sequences (Theorem 1).
The results of this paper are part of the author's doctoral thesis [5, Ch. 4 ].
Results
We need the following Definition 1. A sequence (λ n ) n∈Z of complex numers is called separated by δ > 0, if inf n =m |λ n − λ m | ≥ δ. The sequence is called separated, if there is some δ > 0 such that (λ n ) n∈Z is separated by δ. Proposition 1. Let τ ≥ 0, σ > 0, A > 0 and (λ n ) n∈Z be a sequence of complex numbers satisfying (3), such that (e iλn• ) n∈Z is a Riesz-Fischer-sequence for L 2 (−σ, σ) with lower bound A. Then holds:
A/σ).
2.
(e iλn• ) n∈Z is a Riesz sequence for L 2 (−σ, σ) with upper bound B, where From Proposition 1 we shall obtain: Theorem 1. For every σ > 0 and every τ ≥ 0, there exists a positive constant C(σ, τ ), such that the following holds: If (λ n ) n∈Z is a sequence of complex numbers, satisfying (3), such that Φ := (e iλn• ) n∈Z is a Riesz sequence for L 2 (−σ, σ), then the product of the sharp bounds A opt (Φ) and B opt (Φ) is bounded from above by C(σ, τ ):
The constant C(σ, τ ) can be choosen as
From the orthonormality of (
it follows that, for 0 < ε < 1, Φ ε is a Riesz sequence for L 2 (−π, π), and that
Definition 2. A sequence Φ = (ϕ n ) n∈Z in a separable Hilbert space H over C is called a frame for H (cf. Duffin-Schaeffer [3, Sect. 3]), if there exist positive constants A, B, such that for all f ∈ H:
The constants A and B are called lower and upper frame bounds, respectively. The operators
are called the coefficient operator, resp. the frame operator, corresponding to the frame Φ.
Remark 3. From the definition it follows easily that the coefficient operator, corresponding to a frame, is an injective, bounded linear operator, with bounded inverse on ist range. Furthermore, it can be shown that S Φ is a welldefined, bijective, bounded linear map ( cf. As a consequence of Theorem 1, we have Corollary 1. For the constant C(σ, τ ) of Theorem 1 holds: If (λ n ) n∈Z is a sequence of complex numbers, satisfying (3), such that Φ := (e iλn• ) n∈Z is an exact frame for L 2 (−σ, σ), then we have the following inequalities for the norms of the coefficient and frame operator and their inverses: 
Remark 6. If, for Λ = (λ n ) n∈Z , (e iλn• ) n∈Z is an exact frame for L 2 (−σ, σ), then I Λ defines a bijective, bounded linear operator from P W From Corollary 1 we obtain Corollary 2. For the constant C(σ, τ ) of Theorem 1 holds: If Λ = (λ n ) n∈Z is a sequence of complex numbers, satisfying (3), such that (e iλn• ) n∈Z is an exact frame for L 2 (−σ, σ), then
Consequently, I
−1 Λ is large if I Λ is large.
Proofs
We shall need the following Lemma 1 ([6, Lemma 1]). Let δ, σ > 0, τ ≥ 0, and (λ n ) n∈Z be a sequence of complex numbers, separated by δ and satisfying (3) . Then, for all functions F of the Paley-Wiener-space P W 2 σ , the following inequality holds:
It should be noted that, for separated real sequences, the first inequality of type (7) (with a different constant) was given by Plancherel and Pólya [8, p. 126 ].
Proof of Proposition 1. 1. (For the following proof that (λ n ) n∈Z is separated we use use similar arguments as Pavlov did in [7, Th. 1]). Let k, n ∈ Z, where k = n. Then we have from (1):
For x ∈ (−σ, σ), we have
Hence we conclude from (8):
From this it follows easily that
i.e. (λ n ) n∈Z is separated by δ = δ(A, σ, τ ).
2. From Lemma 1 and assertion 1 we derive (7) with δ = δ(A, σ, τ ). By the Paley-Wiener-Theorem, this is equivalent to 
From
Using log(1 + x) ≥ x/2 for x ∈ [0, 1/2[, we thus obtain
Using (9) and (10), we conclude
Proof of Corollary 1. Let Φ := (e iλn• ) n∈Z be an exact frame for L 2 (−σ, σ). Since the frame bounds of the exact frame Φ coincide with the bounds of Φ as a Riesz sequence (Remark 4), we conclude that we have, for all f ∈ L 2 (−σ, σ),
and that A opt (Φ) and B opt (Φ) are the best possible constants in this inequality. From this we derive
The norms of S Φ and S
−1
Φ can also be expressed by the best constants occuring in (11). It holds to Theorems 1 and 2 exist? It can be thought, e.g., of the class of all exact Gabor-frames with the discretisation parameters t 0 , ω 0 , such that t 0 · ω 0 = 1.
2. What is the best constant C opt (σ, τ ), fulfilling inequality (5)? Conjecture: C opt (π, 0) = 4π 2 .
